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SYSTEMATIC ERRORS OF A H~RIIZON SENSOR DUE TO TPE 
NONSPHERlClTY OF THE PLANET 

ABSTRACT. Detailed anaiysis of the systematic errors of 
devices for determining the orientation and position of a 
spacecraft near a planet from observations of the planet's 
disk. The deterministic and probabi 1 ist ic approaches to 
the problem of determining the systematic errors are com- 
pared. The results are extended to include a vehicle 
movi,ig along an arbitrarily inclined orbit. 

Statement of Problem 

The systematic errors of a horizon scanning system are caused by the geo- /285* - 
metric features of a planet and the physical properties of its atmosphere. 
Obviously, when there are clouds or mountains, the position of the edge of the 
planetary disk (at least in the range of the visible spectrum) will not be 
determined precisely. Atmospheric refraction and scattering can also cause 
errors. Some of the above-stated errors are znalyzed in [2, 31. One of the 
systematic errors is related to the nonsphericity of the planet. The following 
expressions were obtained in [l] for the above-stated errors of the device in 
the determination of the direction to the center of the planet (in the plane of 
the meridian) and distance to it: 

where a is the equatorial radius of the planet, e is the eccentricity of the 
spheroid, p is the modulus of the vector radius of the object, 4 is the planeto- 
centric latitude of the position of the object. 

The coefficient 1/2 in expressim (1' is erroneous. This error1 is the 
consequence of the error found in 111 in he determination of certain interme- 
diate values 6Gl2 and 6g34. 

The corrected expression for the error of the instrument in the determina- 
tion of the direction to the center of the planet (in the plane of the meridian) . 
will be 

"I'he possibility of such an error was discussed earlier in [3 ] .  
*Numbers in the margin indicate pagination in the foreign text. 
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In this case the expression for th limit error of the instrument in the 
etermination of the direction to the c ter of the planet with a probability 
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the limit value of error in the dete of the radial distance with a 
robability of 90% is determined by the , 
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I e the error decreases as the altitude of the flight increases. 

It will be shown below that (5) is valid only up to the value 
afi, and relation (7) is we will examine the case of 
itrary orbital inclination 
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From expression (2), with qqj@ &wpf (6), we have @4 
Ap = A  + R c o s 2 q  
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We will assume that the va11.e~ of gle + are distributed uniformly in the 
ange of +~/2 to -~/2, which is valid f an apparatus moving in a polar circu- 

1 0  lk orbit. 1 !I We have 
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here f(x) is the probability density 04 the random value +. 
I I !-- 2 ' We find now the density of probabiqity g(y) of the random value Y = cos 4. 
-.. ! 

' :: r- . . +. We have 
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p (y) = [ " ~f y ,fry for O<y< l ,  

I 0  for y<O and y > 1. 
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We will find the distribution func 'on F(z) of the.random value Ap, where, /287 - 
35 'th consideration of (8) I 
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We will now examine two cases sepa&tely: 

Case 1 (B > 0, which corresponds t p > afi). With consideration of 
ressions (10) and (ll), the density f probability g(z) of the random value 
is determined by the relation 
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- - -  I Then the distribution function the random value Ap will bo 

!$ere the lower limit of the integral il defined such that when B ? 0, accordin, 
(11). zmin = A, from which, finally, we have 
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i- This result coincides with the func ion obtained in [2]. it 
1 

Case 2 (B < 0, which corresponds td p < a m .  The probability density 
? !  ) in this case will be : , ,--rc'i. l . t t c >  S i i j r c . ~  

1 

h e r e  the lower limit of the integral is] defined such that when B < 0, according 

t- 
Finally, we have 

This particularly important, in th prartical sense, case (for the Earth, 
instance, at altitudes up to 1,047 ) 1s not discussed in [2]. i 
From expressions (12) and (13), wi consideration of (ll), we obtain with 

95% the general expressions the limiting errors of the instru- 
determinatio3 of the to the center of the planet: 
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I ere for p/ = a& from (6) , Ap p d '  T i t l e  

I 
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It must be stressed here that in [2 for this case, the following expres- 
ion was found: Ap(90%) = 0.243(e2a2/p), which leads to an erroneous conclusion 
ncerning the reduction of error for the case p > a n  as the flight altitude 
creases (cf. (14) and 15)). I 

I 
brors of Horizon Sensor in the Care of llnsl inccd Orbit 
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Examination of the case of motion OF an object in an inclined circular 1 
pbit is importan+,. 
L - I I 

We have the following relation 
I 
I 
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sin TI = sin (F sill a, 

: 
i 
#ere + is the latitude of the position bf the ject, which moves in a polar 

, Flrcular orbit at an angle of 90' - a to the in orbit; 41 is the latitude 
- . 

bf the position of an object moving at.-& same velocity in the. inclined 
Urcular orbit; a is the angle of inclinktion o I the orbit to the equatorial 1 
plane. ! i I 

I i 

: We find the density of probability ig(y) of the random value Y, where I 

I y.  = sin2+, I 

1 
for O < y < i ,  

t -  2 2 i 2 
- Since sin 41 = sin 4 sin a, then, by denoting Z = sin 411, with consid- 1 
p i o n  of (16), we have 

1 for s i n 2 a < z < i ,  
(17) 

for z<s in2a  and s > 1, 

50 t With consideration of (171, the pr ability density p(u) of the random 
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- for c o s 2 u < u < l ,  

for u<cos2a,  u>l, 

1 

tl For the inclined orbit, we have, fr b m (8) ), 

kince, with consideration of (181, the pbobabiiity density f (2) of the random 
talue Ap will be I 

--- 
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*ere r is the flowing value of the rand'bm value Ap. 

:-. We will find the function of distribution q ( r )  . 
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- Case 1 (B > 0, which corresponds to: p > a&. 

From expression (20) we have j 
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here the lower boundary of the integral/ is defined such that when B > 0, from 
bllpression (19). = A + B cos2 U, he 
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We have 

ere the lower boundary of the integral is defined such that when B < 0, from 
(19), zmin = A + B, hence 

2 F ( z ) = i - -  arc sill 
n sin u 

i 
- The final expressions for the limit1 values of the errors of the instrument in the determination of the radipl 'st ~e&+f@e center of the planet with a 
fwobability of 95% from (21) and ($3, q t h  consideration of (19) , will be 
i - I - 

Ap(95%) = A + B ( l - 0 , 9 9 3 8 s i n 2 u )  for a < p  ~ ~ 1 3 ,  (23) 

Ap (95 O / G )  = A + B (cos2 a + 0,0938 sin2 a )  for p 2 a ~ 3 .  
i 1 i '") 

. . .- -... - L L --:: . - .--. -- .. .. 
In particular, when a = 90°, 1 

! 
! - 

Ap(95%) = = A + 0 , 0 0 6 2 B  for a < p < a y 3 ,  
4p(95 % ) = A + 0,9938 B for p 2 a1/3: 

I 
t- I yhich corresponds to the relations fo~nd~earlier, namely (14) and (15). 
! 
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(ini t Errors of Horizon Sensor- 
I 
!- I 
1 . Comparison of the original expressi ns (2) and (3) with the functions (4), 
p3), and (24), indicates that the relat ons obtained with a probability of 95% 

the limit errors of the horizon centi-r 1 in the determination of the directio~ 
the center of the planet a d  distance to it, due to the effect of the 
sphericity of the planet, is quite close in value to the limit errors. This 
be expected, considering that the r dom value I$ (latitude of the position 
the object) is confined to + ~ / 2  to 2 and was subordinate to the law of 
form density. Then, with of (3), expressions for the limit 
ors in the determination to4the center of the planet will b~ 

a) for an orbit at an angle 0°< a < 4S0, 
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t b) for an orbit inclined to the eq ator at an angle 45' < a < 90°, I 

The expressions for the limii erro s in the determination of the radial 
'stance to the center of the planet wit consideration of (2) will be: 

10 F - i 
i a) for the polar orbit (a = 90') j 
r- I 
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l Aplim = '1 4-I? for n > 0; 
b i i 
L b) for the nrbit inclined to the e*ator at an angle a # 90' ! 1- - . I - 1 : 1.* ( : < \  1. . &  , 
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i "1 i m  = 11 + Bcos2a for B C 0, 
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. . 
mere, according to (6) , 
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I;bnc!usions 
r 

I 
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.i -i 
1. The investigation described her of the errors of the horizon sensor 

Ue to the effect of the nonsphericity the planet shows that starting with 
radial distance that is times grea than the equatorial radius of the 
anet, the errors in the determination this distance will increase as the 

Ititude of the flight increases. At 1 altitudes the above-stated errors 1 
:$(I . re determined, moreover, by the angle of the orbit to the 

isquatorial plane. 
I--- 

2. It has been found that the abo -stated errors, obtained with a 
of 95%, are close in value the values of the limit error, which 
engineering calculations to ke into consideration only the latter. -_ 1 f 
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